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Abstract: In this paper we mainly focus on the curvature perturbation generated at the 
end of multi-field inflation, such as the multi-brid inflation. Since the curvature perturba- 
tion is produced on the super-horizon scale, the bispectrum and trispectrum have a local 
shape. The size of bispectrum is measured by /nl and the trispectrum is characterized by 
two parameters ttvl and gNL- For simplicity, the trajectory of inflaton is assumed to be a 
straight line in the field space and then the entropic perturbations do not contribute to the 
curvature perturbation during inflation. As long as the background inflaton path is not 
orthogonal to the hyper-surface for inflation to end, the entropic perturbation can make 
a contribution to the curvature perturbation at the end of inflation and a large local-type 
non-Gaussiantiy is expected. An interesting thing is that the non-Gaussianity parameters 
are completely determined by the geometric properties of the hyper-surface of the end of 
inflation. For example, /nl is proportional to the curvature of the curve on this hyper- 
surface along the adiabatic direction and g^L is related to the change of the curvature 
radius per unit arc-length of this curve. Both /tvl and qnl can be positive or negative 
respectively, but tnl must be positive and not less than (I/atl)^. 
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1. Introduction 

In the single-field slow-roll inflation the different Fourier components of the curvature per- 
turbation are roughly uncorrelated and their distribution is almost Gaussian Q. However 
in the fundamental theory going beyond the standard model, such as string theory, a large 
number of scalar fields are expected and the distribution of the fluctuations can signifi- 
cantly deviate from a Gaussian distribution. A well-understood ansatz of non-Gaussianity 
has a local shape . Working in the framework of Fourier transformation of the curvature 
perturbation the primordial power spectrum of the curvature perturbation Vc_ is defined 
by 

(C(ki)C(k2)) = (2^)3p^(A:i)53(ki + k2), (1.1) 
and the primordial bispectrum and trispectrum are respectively 

(C(ki)C(k2)C(k3)) = {27TfB^{kuk2, fc3)53(ki + k2 + ks), (1.2) 

(C(ki)C(k2)C(k3)C(k4)) = {2TTfT^{kiM, h, h)SH^i + k2 + k3 + k4). (1.3) 
The bispectrum and trispectrum are respectively related to the power spectrum by 



Bciki,k2, fcs) = yNL[Vciki)Vcik2) + 2 perms], (1.4) 
o 

T({ki,k2,k3,k4,) = TNL[Vc{ki2.)'Pc_{k:i)Vc_{k4) + 11 perms] 
54 

+ i^gNL[Vi^{k2)V(^{k^)Vi^{ki) + 3 perms], (1.5) 

where /tvl, tnl and qnl are the non-Gaussianity parameters which measure the size of 
the deviation from the Gaussian distribution. 

Using the 5N formalism the non-Gaussianity parameters can be written by 

5 iV,ijiV,»iV ,j 

6 {N^iN^i) 



fNL = - /Z /r,2 ' (1-6) 



N,,N,,NjN, 

25 N,,kN,^NjN^k 
= 54 {N^iN^,f ' ^^-^^ 
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where is the number of e-folds before the end of inflation, and 

Ni = T^, = - — — , Niik = — — ■ (1-9) 

d(l)i '-^ d(j)id(j)j '-^ d(j)id(j)jd(j)k 

See in detail. From the Cauchy-Schwarz inequality, the t^l is bounded from below by 

(f/^L)^ i, 

TNL > (IfNlf- (1.10) 

The above inequality is saturated in the single field case, or the vector N^i is an eigenvector 
of the matrix N^ij in the case with multi fields. So tnl is expected to be large if /atl ^ 1. 
Since A^,ijfc is quite model-dependent, g^L can be negative or positive, and its order of 
magnitude can be large or small. 

The present constraints on the non-Gaussianity parameters from experiments are still 
loose. For example, WMAP Syr data Q implies 

-9 < fNf < 111 (1.11) 



at 2a level. The latest limit on is 

local 



f°f' = 38 ± 21 (1.12) 



at Icr level in 0. Even though the Gaussian distribution is still consistent with data 

floca, 
INL 



within 2a level, the allowed negative part of fj^'i^ has been cut from the WMAP Syr data 



significantly. 

From the theoretical point of view, the curvature perturbations are generated on the 
superhorizon scale in the curvaton model |^] and multi-brid inflation model |9|, |l^] and 
then a large local-type non-Gaussianity is expected in these two models. As we know, once 
the direction of inflaton motion changes in the field space during inflation, the entropic 
fluctuations will make a contribution to the curvature perturbation jll| j. But in this paper 
we only focus on the curvature perturbation produced at the end of inflation due to the 
non-trivial condition for inflation to end. For simplicity, we assume that the trajectory 
of inflaton in the field space is a straight line and then the entropic perturbations do not 
contribute to the curvature perturbation during inflation. As long as the path of inflaton 
during inflation is not orthogonal to the hyper-surface of the end of inflation, the entropic 
perturbations can contribute to the curvature perturbations at the time when inflation 
ended. In order to achieve a large non-Gaussianity, this hyper-surface should be curved 
and the sizes of both bispectrum and trispectrum are determined by how curved this 
hyper-surface is. 

Our paper will be organized as follows. In Sec. 2 we use 5N formalism to calculate 
the curvature perturbation in the case with two inflaton fields. In Sec. 3 we investigate the 
n- field inflation model and we find that the calculations of the power spectrum, /tvl and 
qnl are reduced to the two-field case, but t^l may encode the information of all of the 
quantum fluctuations along the (n — 1) entropic directions. Some discussions are given in 
Sec. 4. 
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2. Two-field slow-roll inflation 



In this paper, we mainly focus on the curvature perturbation generated at the end of 
inflation. So we assume that the trajectory of inflaton is a straight line in the field space 
during inflation. In this section we investigate the two-field slow-roll inflation model with a 
nontrivial condition for inflation to end. Since the motion of inflaton fields docs not change 
its direction, the equations of motion of the inflatons in the slow-roll inflation takes the 
form 

^ = «. (^ = 1,2), (2.1) 

with constant for z = 1, 2, where N is the number of e-folds before the end of inflation. 
In this paper we adopt the unit of Mp = l/V SttG = 1. Here we don't need to start with 
the potential and our rcsidts are applicable as long as the equations of motion of inflatons 
can be written by the above equations. 

The unit vector along the adiabatic direction (moving direction of inflaton in the field 
space) is given by 

Co- = —{ai/a,a2/a) = {cos9,sm0), (2.2) 

where 



a = yal + a^- (2-3) 
The unit vector along the entropic direction is 

es = (-sin6',cos6'), (2.4) 

which is orthogonal to e^. For convenience, the vector of inflaton fields is denoted by 

* = (</-!, </'2), (2.5) 

and its quantum fluctuation is 

S^ = (5^1,5^2)- (2.6) 
The quantum fluctuations along the adiabatic and entropic directions are respectively 

S^a = {S^,ea), (2.7) 
6^s = {S^,es). (2.8) 

In this paper, {A, B) denotes the inner product of these two vectors A and B. Assume 
that the condition for the inflation to end is 

F{cP^J,4>2J) = 0, (2.9) 

which corresponds to a curve C in the field space. The normal vector of the curve C at 
= i^ij^hj) is given by 

^ dF dF ^ 
en= TT— 2.10 

d(l)ij d<P2j 
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which can be normahzed to be 



where 



(2.11) 



/ dF dF 

\\^n\\ = J{-^? + {^?. (2.12) 

We parametrize the curve C to be 

^f = {(t)ij{s)A2j{s)), (2.13) 
where s is just a parameter. The tangent vector of C at the point is 

et = ^% = (</>;,/, </'2,/), (2.14) 
which can be normahzed to be a unit vector, 

et = (2.15) 

where 



and the prime denotes the derivative with respect to the parameter s. For convenience, we 
introduce a new parameter named arc-length parameter d. which is related to s by 

M = \\et\\ds, (2.17) 

and then 

e. = (2.18) 

In practice it is often difficult to calculate the arc-length parameter, but it is useful for 
theoretical arguments. The extrinsic curvature of curve associated with e„ is defined by 

K = (e„,^). (2.19) 

Since is a unit vector, the vector is orthogonal to and can be taken as a normal 
vector. According to the above definition of the curvature, we have 

^et = Ke„. (2.20) 

at 

The trajectory of inflaton and the field configuration at the end of inflation in the field 
space are illustrated in Fig. |l[ 

Using the field vector the equations of motion can be expressed as 

5^* = -""- P^^^' 



Since is orthogonal to e^, from the equation of motion ( 2.21 ), we have 

j7CI>,e.>=a (2.22) 
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End of inflation 




Figure 1: The green straight Unc is the trajectory of inflaton during inflation and the black curve 
corresponds the field configuration at the end of inflation. 



Thus 



From Eq.(2.23), we have 



where 



51= {D,6^), 
, dl dl ^ e 



(2.23) 
(2.24) 

Integrating over the equation of motion Eq.( 2.2l| ) along the adiabatic direction, we have 



and then 



where 



(,5$,e,) -ri(5$,e,) = -a5N, 
J 1 



(et,es) 

Therefore the curvature perturbation 5N up to the first order of 5^ is given by 

{5^,Ties-ea) 



6N 



a 



(2.26) 

(2.27) 
(2.28) 

(2.29) 
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The minus sign in the term with comes from the convention in which N denotes the 
number of e-folds backward in time. At the leading order, 5N is contributed from two 
sources: one is the adiabatic perturbation 5^^, the other is the entropic perturbation 
6^s- The reason why the entropic perturbation also makes a contribution to the curvature 
perturbation is that the direction of inflaton movement in the field space is not orthogonal to 
C due to the nontrivial condition for inflation to end. Here we give a heuristic explanation 
on it. See Fig. |2[ During inflation the inflatons evolve along the solid green line classically. 



End of inflation 




Figure 2: The green straight line is the trajectory of inflaton during inflation and the curve 
corresponds the field configuration at the end of inflation. 

Once we take the quantum fluctuations into account, the trajectory, illustrated by the 
dashed green line, slightly deviates from the classical one. If the entropic direction does 
not parallel to the tangent direction e^, an additional contribution to the 5N appears, 

6N, = tan p—, (2.30) 

a 

where tan /3 is nothing but Ti. If the path of inflaton is orthogonal to C, (eg-, e^) = Ti = 
and then the entropic perturbation does not contribute to the curvature perturbation. If 
so, the two-field inflation is reduced to the single-field case. 
From Eq. (p.29|) , we get 

A^, = (2.31) 

a 

Here we need to stress that Ti contains parameteter i which is related to $ through e^. 
In order to calculate the bispectrum and trispectrum, we need to expand the number of 
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e-folds to higher orders. From the above equation, we get 



1 dT 



Taking Eq. (l2l2C| ) into account, we have 

dTi 



kT2, (2.33) 



where k is the extrinsic curvature of curve C at 
and 

sign= (e„,e^)(et,es) - (ej, e^)(e„, e^). (2.35) 

Here sign = it: '+' corresponds to the case with x e„ = — x e^, and '-' corresponds 
to the case with x e„ = e^- x e^. Here A x B = eijA^B^ and ei2 = —£21 = 1- Therefore 

Here both k and et are the functions of Similarly, we have 

Ar,,, = -s,gn-(^r + 3(^j(^, (2.37) 

where 

r = (2.38) 

which measures the variation of the curvature radius per unit arc-length. For a curve with 
a constant curvature, r = 0. Here we need to stress that all of the non-linear orders of the 
curvature perturbation come from the entropic perturbations which are converted into 
the curvature perturbation at the end of inflation. Therefore the distribution of curvature 
perturbation becomes Gaussian if the path of inflatons is orthogonal to the curve C of the 
end of inflation in our scenario. 

Assume that the scalar field fluctuations b4>\ and 502 are Gaussian and non-correlated, 

l^^,^^) = [^ (2.39) 

where denotes the Hubble parameter at the time of Hubble exit during inflation. The 
amplitude of the primordial curvature perturbation is 

a^(ej,es)^ 27r 

Here we consider that 

(et,e,)2 + (et,e,)2 = 1. (2.41) 
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The amphtude of the gravitational wave fluctuations is related to the inflation scale by 

Pt = 8(^)^ (2.42) 
and then the tensor-scalar ratio takes the form 

r = Pt/Pc = 8a'(et,e,)2. (2.43) 



The equations of motion in Eq.(2.1) can be rewritten by 

d(h, 1 dV dlnH^ 



ciN vd<Pi d4>i ^^-^^^ 

and then the spectral index of the scalar power spectrum is 

A red-tilted primordial power spectrum is predicted. Since (e(,es)^ < 1, 

r<8(l-ns). (2.46) 

The tensor-scalar ratio in this model is bounded from above by the deviation from the 
exact scalar invariance. Similarly, the spectral index of the tensor perturbation is given by 

which is bounded from above by the tensor-scalar ratio, 

UT < -l- (2.48) 
o 

In single-field inflation model, the consistency relation is ut = —r/8 which saturates the 
upper bound in the above inequality. In the multi-field case, the spectrum of the tensor 
perturbation can be more red-tilted. 
From Eq.(|]2l|), 

(A$,e^) = -aAiV (2.49) 

which measures the distance of inflaton excursion along the adiabatic direction in the field 
space in unit of Mp. Now the the tensor-scalar ratio becomes 

r = 8(e.,e.)^(<^)', (2.50) 



which is smaller than that in the single- field model [12| when (ef,es)^ < 1. The reason is 
that the entropic perturbation also makes a contribution to the total curvature perturba- 
tion and then the tensor-scalar ratio becomes smaller compared to the case with only the 
adiabatic perturbation. 
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We can also easily calculate the non-Gaussianity parameters, 



tNL = Sign- • QK- -, (2.51) 

6 (et,es) 



2 2 {^t,^a/ rn\ 

TNL = a K (2.52) 



9NL = -Sign— -OK r + 3- -. (2.53) 

54 V (et,e^)y (et,e^) 

If the curve C corresponding to the inflaton field configuration at the end of inflation is 
a straight line, k = and hence all of the non-Gaussianity parameters are equal to zero. 
Here we need to point out that k is not definitely positive and /nl can be positive or 
negative. The sign of Jnl is illustrated in Fig.H. In the case (b), even though the entropic 




Figure 3: The green straight line is the trajectory of inflaton fields during inflation and the curve 
C corresponds the field configuration at the end of infiation. C is a straight line in (b). 

perturbation contributes to the total curvature perturbation at the end of inflation if the 
path of inflaton is not orthogonal to the curve C, this contribution linearly depends on the 
quantum fluctuations of inflation fields and then the curvature perturbations at all of the 
non- linear orders are still equal to zero. Keeping f^i fixed, we have 
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Since (et,e^)2 < 1, 

TNL > {-^fNLf, (2.56) 

which is consistent with the result in Q. If C is a curve with constant curvature, r = 
and then qnl = 2/^ 



NL- 

From Eg. ( p. 41 ), we have 



/atl = sign^ • ( — ^— - (ef,es) ) . (2.57) 
WMAP Syr data [|] imphes 

n, = 0.961°:°^^. (2.58) 
Considering that (et,es)^ is related to r and by 

(ei,e,)2 = --^-— , (2.59) 
8(1 - n.o 



for Us = 0.96, if r = 0.32(ef,es)^ ^ 1, we have 

5 

6 {et,fis) 



Inl ^ sign^ • , . (2.60) 



If r ^ 1, {et,ea)'^ ~ 1 and we have 

TAir ~ ( 

^5 



6 

TNL ^ {tInl?- (2.61) 



We see that tnl is roughly equal to (I/atl)^ for the low-scale inflation model. However, 
r = dK~^/d£ is a model-dependent parameter and ^at/, can be positive or negative and its 
order of magnitude can be large or small. 

As a check, we use the above formula to calculate the curvature perturbation in the 
model in and we find that our results in this paper are the same as those in . 

3. 72-field slow-roll inflation 

In this section, we consider the inflation model with n inflaton fields. Because we only 
focus on the curvature perturbation generated at the end of inflation, we still assume that 
the trajectory of inflaton in the field space is a straight line during inflation. The equations 
of motion of inflatons are given by 

with constant for i = 1, 2, n. The unit vector along the adiabatic direction is 

6(7 = -(«!, "2, •••,««)/«, (3.2) 

where 

/ n \ 2 



a 
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Similarly, we also denote the inflaton field vector in the field space as 



(.^1,02, (3.4) 

and its quantum fluctuation is 

S^={dcj)i,S(l)2,...,S<l>n). (3.5) 
The equation of motion can be written by 

— = -ae.. (3.6) 
Assume that the values of inflaton fields at the end of infiation are given by 

^/ = (01,/>02,/,-",0n,/), (3.7) 

which satisfies the equation 

F($/) = F(</.ij, cf>2,f, <Pnj) = 0. (3.8) 

The solution of the above equation is described by a (n— l)-dimensional hyper-surface S in 

the n-dimensional field space. This hyper-surface S associated with the field configuration 
at the end of inflation in the fleld space has a normal vector at as 

_ _ dF dF dF 



which can be normalized to be 



(3.10) 



where 

There are (n — 1) independent vectors along the entropic directions which are orthogonal to 
the adiabatic direction. In particular, one of them is very important, namely who stays 
on the plane P determined by e„ and e^-. Assume e„ is not orthogonal to the hyper-surface 
S; otherwise, the entropic perturbations cannot contribute to the curvature perturbation 
and this n-field inflation model is reduced to the single-fleld case. Now the vector along 
this special entropic direction can be given by 

— ~ {^ni ^(T)^a- (3-12) 

which can be normalized to be a unit vector 

= T^, (3.13) 

with 

||e,|| = Vl-(ea,en)2. (3.14) 
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Similarly, the unit tangent vector of S on the plane P can be expressed by 

et = (3.15) 

where 

et = - {en,ecr)en, (3.16) 

and 

lle^ll = v^l-(e<„e„)2. (3.17) 

Here the vectors et and are constructed by eg- and e^,, and then we obtain two simple 
relations, 

(et,es) = -(e„,e^), (3.18) 

and 

{en,ea){et,es) - (ef, e^)(e„, e^) = -1. (3.19) 
These vectors are illustrated in Fig. ^ The curve C is the intersection curve between the 




Figure 4: The green line is the trajectory of inflaton fields during inflation and the hyper-surface 
corresponds the field configuration at the end of inflation. 

hyper-surface S and the plane P. 

There are still (n — 2) independent entropic directions orthogonal to the plane P. The 
unit vectors along these (n — 2) entropic directions are denoted by e^^A for A = 1,2, .., n — 2. 
Since eg^A is orthogonal to eg- and which are the two independent vectors living on the 
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plane P, e^^^ must be orthogonal to the plane P and then e^^A for A = 1,2, ...,n — 2 are 
also the unit tangent vectors of S at the point <I>j, namely 

et,A = Gs^A- (3.20) 

Denote i as the arc-length parameter along the tangent direction and as the arc-length 
parameter along the tangent direction et^A for ^ = 1)2, n — 2. Therefore 



Keeping ^ fixed and integrating over Eq.( |3.6| ) along the these (n — 2) entropic di- 
rections, we obtain 

($,e,,A> = (^/,e,,A), (3.22) 

and then 

5eA = { , """'^ S^) = {es,A, m, (3.23) 
(et,A,es,A) 

at the linear level. However, we need to expand 6£ up to the first non-linear order, 

n—2 

= {et,es)6i + ^t,{en,es)i6if + ^ J^(2KA(e„, e,) + i?A(et, e,))5M^A, (3.24) 

A=l 

where 

^^ = {-^,en), (3.25) 
^A = {^,et), (3.26) 

and 

det , ,9et,A > „„s 
is the offdiagonal component of the extrinsic curvature tensor of the hyper-surface S along 



et and et,A at the point ^f. Eg. ( 3.24 ) can be perturbatively solved as 



^ n-2 

- ^ J^(2KA(e„,e,) + i9A(et,e,))(5$,e,)((5$,e,,A). (3.28) 

Integrating over Eq.( |3.6| ) along the adiabatic direction, we have 

(«>,e,) - (^>y,e,) = -aiV, (3.29) 
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and 5N is expanded up to the first non-linear order as 



a a 

n-2 

+ ^{en,B,){5fif + — Y,i'^^A{en,e.) + '&A{eue„))5mA + 0{5iA5iB) 
" " A=l 

= -(Tie, -e,,5$) 
a 

1 11 
+ 0((»,e.,.,)(«*,e.,s)) (3.30) 



where 



Ti = ^£^1^4- (3.31) 

(et,es) 



At the hnear level, we obtain 



{5N)L = -{Ties-e„,5^). (3.32) 
a 

Therefore, at the linear level, the calculation of the curvature perturbation generated at 
the end of n-field inflation has been simplified to be that for two-field inflation model, and 

Ni = ^. (3.33) 

a 

However, the perturbation along the {n — 2) entropic directions e^^^ which is orthogonal 
to the plan P appear in the non-linear order of the expansion of the number of e-folds 
A^. From Eq.(|1.6|) and ( |1.8D , both f^L and qnl are proportional to Aj and hence all 
of the perturbations along e^^^ do not contribute to f^L and qnl because (es,es,A) = 
{ea-,^s,A) = for A = l,2,...,n — 2. But the perturbations along these (n — 2) entropic 
directions may make some contributions io tnl- We need to calculate tnl carefully. From 
Eq.O, 

We can also easily obtain 

A^.,. = -{r + ^J^) + 0{elA (3.35) 

Here we need to stress that 0{el ^e^ ^) in Ajj and 0(e* ^) in N^ij^ are complicated, and 
do not make any contribution to the bispectrum and trispectrum. So we don't work them 
out. 
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Taking Eq.(^l8|) into account, we find that the amplitude of the primordial power 
spectrum can be re-written by 

and the non-Gaussianity parameters become 

5 (e^ , Cg-)^ , 

Jnl = T, ■ Oin-, (3-37) 

TNL = c? + K2(e„, e,)2) j^^^^, (3.38) 

mL = A ■ a-.- (r - 3p^) (3.39) 



54 V (e„,,e^)y (e„,e^) 

where 

n-2 

E ^A- (3.40) 



A=l 

The curvature perturbation up to the third order has been computed completely for this 
n-field inflation model. Since K^(eji,eo-)^ > 0, tnl > {^Inl)"^- One can also apply this 
constructive method to calcualte the curvature perturbation in the two-fields inflation in 
Sec. 2. 

An interesting observation is that if k = and the inflaton path is not orthogonal to 
the hyper-surface S both /tvl and g^L are equal to zero, but t^l can be non-zero. This 
is different from that in the two-field case and the curvaton model In this special case, 
we find 

TNL = {I - Us - '-)kI (3.41) 
o 

If r <C 1, TNL ^ (1 - ns)K^s. 

Usually it is not easy to parametrize the curve C in the n-dimensional field space. Here 
we will provide a general method to calculate the relevant geometric quantities associated 
with the curve C and the hyper-surface S. Assume that the orthogonal coordinates on the 
hyper-surface S are denoted by 

s = (S1,S2, ...,Sn-l), (3.42) 
and then is a function of si, S2, Sn-i- There are (n — 1) tangent vectors of S at point 

e,^ = ^ = (^^,^^,...,Mi:I), (3.43) 

dSq dSq ' dSq ' "' dSq ' 

for g = 1, 2, n — 1. These vectors can be normalized to be the unit vectors, 

e*.. = (3.44) 

where 

ii.„ii^(|:(t^yf 
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For convenience, we introduce (n — 1) arc-length parameters Iq which satisfy 



Mq = \\et,q\\dsq, (3.46) 

and then 

e,„ = (3.47) 

Since the set of et,q for (7 = 1,2, n — 1 is an orthogonal and complete frame in the tangent 
space of 5, can be expanded by 

n-1 

= ^{et, et,q)et,q. (3.48) 

q=l 



Since = from Eq.( p.48 ), we have 

d d 

q=l « 

The relevant geometric quantities associated with the curve C, such as the curvature k and 
r, can be calculated by using the formulation in Eq. (|3.49|) . For example, 

n— 1 

= {^n,^{et,et,q)-^). (3.50) 

q=l 'i 

The value of can be easily calculated as follows, 

K^^ = k\ — K^, (3.51) 

where 

n— 1 



4 = E(^'--)'- (3-52) 



p=i 

Now, in principle, we work out all of the non-Gaussianity parameters for the n-field infla- 
tion. 



4. Discussions 



The three-point correlation function of curvature perturbations has been a sensitive probe 
of the physics in the early universe. In the near future even the four-point correlation 
function can be measured if it is not so small. Now the investigation of the primordial 
curvature perturbation up to at least the second non-linear order becomes more and more 
important. Recently many relevant papers concerning the primordial non-Gaussianity also 
appear m [||]. If a large non-Gaussianity is confirmed by the upcoming experiments, the 
single-field slow-roll inflation will be ruled out. 

In the single-field slow-roll inflation model, usually the inflation is assumed to end 
when the slow-roll condition is violated. However the inflation terminated by a water-fall 
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field is more generic in the multi-field inflation model. In particular, it is quite natural 
that a tachyonic field appears towards the end of inflationary epoch in many scenarios 
inspired by string theory. In this paper, for simplicity, the trajectory of inflaton is assumed 
to be a straight line in the field space during inflation. The quantum fluctuations along 
the entropic directions can contribute to the total curvature perturbation as long as the 
trajectory of inflaton is not orthogonal to the hyper-surface of the end of inflation. The 
size of the non-Gaussianity is related to how curved this hyper-surface is. In this scenario, 
the primordial bispectrum and trispectrum have a local shape because both of them are 
generated on the super-horizon scale. If the inflaton path is not a straight line, it is much 
more difficult to calculate the curvature perturbation analytically. In addition, it is also 
possible that the trajectory in field space has not yet converged at the end of infiation and 
then the curvature perturbation still evolves during reheating. We will come back to these 
cases in the future. 

The local-shape bispectrum and trispectrum are characterized by three non-Gaussianity 
parameters: /nl, tnl and qml- In principle, they are three independent parameters. Here 
we want to stress that both Jnl and g^L can be positive or negative respectively, but t^l 
must be positive and not less than (I/atl)^. If there are three or more inflaton flelds, tj^l 
can be positively large even when fNL = Qnl = 0. This is quite different from the curvaton 
model. 

Here we also want to give a simple realization of our model. For example, the inflation 
potential takes the form 



= y((/.i,. ..,(/.„) = Foexp (^0^0, ) , (4.1) 

where 



During inflation F{(^) is assumed to be positive and the fleld x is trapped at x = 0. When 
F{^) = the fleld x becomes a waterfall field and the inflation ended. We can easily check 
that the slow-roll equation of motion of inflaton fleld $ is given by Eq. ( |3.6[ ) . The slow-roll 
condition is nothing but of <^ 1. Usually the hyper-surface of F{^) = is not a uniform 
density slice and the hot state of the universe starts at slightly different temperatures for 
different values of $/ at which inflation ended. A correction to the total number of e-folds 
is needed, namely 



f(e., <!>/). (4.3) 



Combining with Eq.( 3.29| ), we obtain 



iV = -i($,e.)+(i-^)(cI>;,e.). (4.4) 

Since a <C 1, the correction to the total number of e-folds Nc can be ignored. Approxi- 
mately, we calculate the non-linear parameters deflned for the curvature perturbation on 
the uniform density slice. 
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In this paper we find a correspondence between the non-Gaussianity parameters and 
the geometric quantities of the hyper-surface for inflation to end. The non-Gaussianity 
parameters can be measured by the experiments and then we can easily re-construct the 
geometry of this hyper-surface in the field space. A more ambitious project is to build up a 
connection between the geometry of this hyper-surface and the geometry of the compactified 
space in string theory. If this project can be achieved, it seems that we can directly 
"measure" the compactified space. Here we also need to point out one shortcoming: the 
non-Gaussianity parameters only depend on the local geometry around the point where 
the inflation ends in the field space and the information about the geometry we can get is 
still limited. Anyway, we hope that the non-Gaussianity will provide more information for 
the fundamental physics in the near future. 
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